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1. Introduction

Binary superfluids...
o BEC of interacting atoms ~in 2 hyperfine spin states - Proc. Internat. School Phys. Enrico Fermi 211 (2025)
polaritons excitonic Rev. Mod. Phys. 85, 299 (2013)
Elliptically polarized laser in a birefringent nonlinear medium - ... Adv. At. Mol. Opt. Phys. 74, 157 (2025)
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e Miscibility problems - Collective & topological excitations - ... )
...of light Phys. Rev. Lett. 134, 223403 2025) | ... Of matter Phys. Rev. Lett. 128, 083401 (2022)
Elliptically polarized laser in a warm vapor of 8Rb BEC of %K in 2 coherently coupled Zeeman states
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2. Critical speed of a binary superfluid of light anXiv:2601.16005 (2026)
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Model equations

e )-component inhomogeneous nonlinear Schrodinger-type equation, analogous to the Gross-Pitaevskii
equation of Bose-Bose superfluid mixtures:
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e What is the condition on 1/, for the following incident flow to be superfluid/dissipationless?
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Landau criterion

Linear response
e Impurity < Interactions . 1o 1
o . Vo < Ve =ming ¢qg = ——
e Impurity-induced excitations: 2 1+p
Density & spin Bogoliubov waves 1—a 1 }
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Superfluid hydrodynamics

e Stationary Bernoulli equations: cost =0 /p Uu=Ugr+£U_
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e Stationary continuity equations:
v (Ve g) o
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Critical velocity

The flow monotonically flattens at infinity <= The stationary continuity equations are strongly elliptic:

SE [p =fn(V,v), V, o =fm(V,v), v] >0

Bernoulli

SE(r; Vo, o, 3, U, u) >0

Bernoulli

Vo < Ve(a, B,U,u)

Local generalization of the Landau criterion
for an imbalanced mixture  w > 1: LAV

Chaplygin method

Sci. Mem. Moscow Univ. Math. Phys. 21, 1 (1902)
Phys. Rev. Lett. 69, 1644 (1992)

Phys. Rev. A 109, 013317 (2024)




Superfluid hydrodynamics

e Stationary Bernoulli equations: cost =0 /p Uu=Ugr+£U_ w1

1+« 1+« B 2
1+a)p a5 Low—(2—vy ==

14+8p 140 4
11—«

w :—’11,1,‘<U;—V'V

14 Bp

e Stationary continuity equations:
v (Ve g) o

v-(av+%)=o

Critical velocity

The flow monotonically flattens at infinity <= The stationary continuity equations are strongly elliptic:

SE [p =fn(V,v), V, o =fm(V,v), v] >0
Bernoulli Bernoulli
SE(r; Vo, o, 3, U, u) >0 Chaplygin method
Sci. Mem. Moscow Univ. Math. Phys. 21, 1 (1902)

, Phys. Rev. Lett. 69, 1644 (1992)
B.U
Vo < Vel B, U, u) Phys. Rev. A 109, 013317 (2024)

Local generalization of the Landau criterion
for an imbalanced mixture  w > 1: LAV




Superfluid hydrodynamics

e Stationary Bernoulli equations:
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e Stationary continuity equations:

cost =0 /p

Uu=U;r £U_ w1

Compressibility < 1

V-V=V.-v=0
Appropriate boundary conditions @ » = w

Critical velocity

The flow monotonically flattens at infinity <= The stationary continuity equations are strongly elliptic:

SE [p =fn(V,v), V, o =fm(V,v), v] >0

Bernoulli Bernoulli

SE(r; Vo, o, 3, U, u) >0

Vo < Ve(a, B,U,u)

Local generalization of the Landau criterion
for an imbalanced mixture  w > 1: LAV

Chaplygin method

Sci. Mem. Moscow Univ. Math. Phys. 21, 1 (1902)
Phys. Rev. Lett. 69, 1644 (1992)

Phys. Rev. A 109, 013317 (2024)




Impenetrable impurity U>1+4a0)/1+5)
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Penetrable impurity

Cumbersome yet analytical V. (e, 7, )

Jones-Roberts solitons inside the impurity




3. Nonlinear periodic waves in a binary BEC In pogress (2026)

BEC in two Rabi-coupled Zeeman states

|F=1) | V= 1) H = %( 2:‘)'+‘4 + |'¢),|4) + a qgj+‘2|q;),‘2
— mF;—l = |+ Q
L9.... — =Wl +Yry,)
Q a=gy—/g++ §
39K b lmp =0) = [ ) +§(|@+|2_m,\2)
Reminder: p = |1 |2 + [ |2
V.
Cubic-quintic nonlinear Schrodinger equation
Ground state for W < 1: D. Petrov, Orsay  T. Bourdel, Palaiseau L. Tarruell, Barcelona
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= Effective cubic-quintic nonlinear Schrédinger dynamics for a scalar field ¢ (r, ) with density | 0|2 = p:
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Contact dispersive shock waves

o 1D configuration (BEC trapped in the yy— z plane): 00 = (— 2022 + 32|91 + 3]l

o Riemann initial-value problem: o = /pel S 4z v
p(z,t =0) t;O) Typical p(x, t) when g5 = 0
PR Nonlinear evolution

PL RW DSW

o (Contact dispersive shock waves emerge when g3 +# 0:

Whitham modulation theory
Nonlinear Periodic Waves and Their Modulations (2000)
Physica D 333, 11 (2016)

""" Trigo. DSW

Within experimental reach @ LCF:

(Az, At)contactpsw =~ (14.4 pm, 318.4 ms)

w) /(27) = 300Hz /(27) = 25.4kHz
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4. Vortex-induced self-propulsion against a superflow ankiv:2512.09028 (2025) & Forthcoming (2026)
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0.25 Superfluid 107,023310 (2023)
Ap 0 :
> 0 1 . ”/.;(” 3 1
<016 Ve vs. impurity’s amplitude (/) for w > 1
y .




5. Summary and outlook

Critical speed of a binary superfluid of light arXiv:2601.16005 (2026)
041 .
e Vo =min{cg,c.} +—— Vo =f(U+)
Landau criterion Strongly elliptic
stationary flow

e ) = V.: Vortex-antivortex pairs & Jones-Roberts solitons in both components /4 & 1)

Nonlinear periodic waves in a binary BEC In progress (2026)

e Effective cubic-quintic nonlinear Schrédinger description at large Rabi frequency:
iBrp = (=3 V2 + 02l = lusllel*)e

o Contact dispersive shock waves (rarefaction + trigonometric) in a 1D configuration

Vortex-induced self-propulsion against a superflow arXiv:2512.09028 (2025) & Forthcoming (2026)

o Upstream trajectory of the mobile impurity: X' (2) ~ —C*Apz2 4+ O(z)

o (ritical speed for vortex shedding: V. ~ ‘/%“,71/2




Ongoing work and future directions

o Quantum depletion & OTOCs in a superfluid of light Phys. Rev. A 92, 043802 (2015)
R R 2hw
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noepc
o Nonequilibrium Tan contact in a quenched binary BEC Phys. Rev. Lett. 130, 153401 (2023)
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e Quenched 2D soliton gas

o KPZ dynamics in quantum scars




